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Abstract. Let fc be a field and X/k be a smooth quasiprojective orbifold. 
Let X ^ X_he its coarse moduli space. In this paper we study the Brauer 
group of X and compare it with the Brauer group of the smooth locus of X_. 

1. Introduction 

By an orbifold over a field k we mean a separated DM stack over k having trivial 
isotropy group at its generic points. We say (by abuse of language) that X is 
quasiprojective, if its coarse moduli space is quasiprojective. Typical example of 
an orbifold is the quotient stack \Y/T] where F/A; is a quasiprojective variety and 
r is a finite group acting faithfully on Y . In this case the coarse moduli space of 
[y/r] is nothing but the geometric quotient of Y by F. However, there also ex- 
ist interesting orbifolds which are not global quotients of varieties by finite groups. 

In this paper we study the Brauer group of a smooth /c-orbifold and compare it 
with the Brauer group of the smooth locus of its coarse moduli space. If X/ /c is a 
smooth orbifold, then one can show that the Brauer group of X injects into the 
Brauer group of the function field of X, which is the same as the function field 
of its coarse moduli space. Moreover, the Brauer group of the smooth locus of 
the coarse moduli space also injects into the Brauer group of the function field. 
The main goal of this paper is to compare these two groups. As a result of this 
comparison we will see that certain 'ramified' Brauer classes on the coarse moduli 
space may become 'unramified' when pulled back to the orbifold. 

Brauer group of orbisurfaces have been studied before in [5] where they have been 
used for splitting ramifications of Brauer classes and to prove the period index 
conjecture for the function field of a surface over a finite field. 



To state the precise result we first set the following notation. 

1.1 (Notation). The coarse moduli space of any DM stack X will be denoted by 
'underlining' the same symbol, i.e.X — *■ X_. For any point p G X, (or equivalently 
a point in the X) Sp will denote the order of the isotropy group at p. For any 
stacks Z, \Z\ will denote the underlying Zariski topolocial space of Z and Z^^^ 
will denote the set of codimension one points of Z. If Z is an integral scheme 
or an integral orbifold, the function field of Z will be denoted by k(Z). For 
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any stack X/k, Br{X)' will denote the subgroup of Br{X) consisting of those 
elements whose order is coprime to char(A;). In particular, if char(/c) = 0, then 
Br{Xy = Br{X). 

The main theorem of this paper is the following. 

1.2. Theorem. Let k he a field and X/k he a smooth quasiprojective orhifold. 
h : X X^ he its coarse moduli space and X he the smooth locus of X_. Then 

Br{Xy = {a G Br{K{X)y \ Sp ■ a is unramified at p, V p G X^^} 

The following is a special case of the above theorem: Let Y/C be a smooth 
quasiprojective variety and let F be a finite group acting on Y in such a way that 
the action is free on an open subset U of Y whose complement has codimension 
at least two. Then the F-equivarient Brauer group of Y is naturally isomorphic 
to the Brauer group of the smooth locus of the geometric quotient of Y by F. 

We have the following easy corollary of Theorem (11. 2p . 

1.3. Corollary. Let X/k he a smooth quasiprojective variety and a G Br{i^{X)y . 
Assume that the ramification locus of a is a simple normal crossing divisor. Then 
there exists a smooth orhifold X having coarse moduli space X such that the pull 
hack of a is unramified on X . 

Proof. This follows immediately from Theorem (11. 2p and ([6] ,4.1). □ 

One of the mysterious properties of the Brauer group of a regular scheme X is 
that U Br{U) is a sheaf in the Zariski topology. This is a consequence of the 
following vanishing theorems 

(1) R^q^^Gm = 0, where q is the continuous map from the etale site of X to 
the Zariski site of X. 

(2) W{Xzar,Gm) = OfoTl>l. 

For the proof of Theorem (11.21) . it will be important to prove (see Theorem (12.61) ) 
that even when X is a smooth orbifold, U Br{U) is a Zariski sheaf. However 
in this case we note that the vanishing of R^q^Gm is no longer true. However 
we will show that the argument in the scheme case still survives because of a 
slightly weaker vanishing (see 12.81) and that H\Xzar,Gm) = V i > holds 
after possibly throwing out a codimension two subset of X, which is ok because 
of purity (see 12.51) . 

The main idea of the proof is to reduce (11.21) . using purity and Theorem (12.61) . to 
a problem of Galois cohomology of complete discrete valued fields. 

In the next section we discuss some basic facts about Brauer group of DM stacks. 
The proof of Theorem 11.21 will be given in In Section [31 
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2. Preliminaries on the Brauer group of DM stacks 

In this section we recall/prove some basic facts (see (12. ip . (12.51) and (12.61) ) about 
the Brauer group of smooth DM stacks. 

The following theorem is well known. The part (i) of the theorem below is 
due to M. Lieblich ([1], 3. 1.3. 3), and (iii) follows easily from results of A. Vistoli 
and A. Kresch [2]. 

2.1. Theorem. Let X/k be a smooth separated integral DM stack. Let t] be the 
residual gerbe at its generic point. Then 

(i) H^{X,Gm) H'^{ri,Gm) is injective. 

(ii) H'^{X,Gjri) is a torsion group. 

(iii) If X/k is quasiprojective, then Br{X)' = H'^{X,Gm)'- 

2.2. Lemma. Let G be a finite group and X be a G-gerbe over a field k. Then for 
any sheaf of abelain groups T on X^t, H^{X, G) is a torsion group for all i > 0. 

Proof. In the special case when X = Spec {k)/G is a neutral gerbe, the sheaf 
cohomology groups can be identified with H^{G x Gal(A;), — ) which are torsion 
for all 2 > 0. In the general case, let be a galois extension, with Gal(L//c) = P, 
such that Xl = A x ^ L is a neutral gerbe. Let / : Xi — > A be the natural map, 
which is in fact a P-principal bundle. Since /* is exact and takes injective sheaves 
to injective sheaves (by exactness of /~^), for any sheaf Q on A^, W{Xl,Q) = 
H\X, f^Q) V i. The result now follows from the existence of a map g*g*J-' T 
such that the composite T — g*^g*T — JF is multiplication by order of G. □ 

Proof of Theorem \2.1[ (i) We repeat the argument from ([3] ,3. 1.3.3). Let a be- 
long to the kernel of the map {H^{X,Gm) — * H'^iv^'^m)) and g : Y ^ X he 
the Gm-gerbe associated to a. Since a goes to zero in H^{r],Gm), there exists a 
twisted line bundle on the generic fiber of g, and hence on an open subset of Y. 
A coherent reflexive extension of this twisted line bundle is again a twisted line 
bundle since Y is regular. Thus a must be zero. 
(a) follows from 12.21 and (i). 

(Hi) Let a G H'^{X, Gm)' and g : Y ^ X he the Gm gerbe associated to a. We 
may assume the order of a is p, a. prime number invertible in k. Lift a to a class 
a G H'^{X,fip). Let g : Y X he the /ip-gerbe associated to a. By ([2], 2. 2) 
and Gabber's theorem, y is a quotient stack and hence there exists a locally free 
twisted sheaf S on Y. Then £ndo~{£) is pull back of an Azumaya algebra on A 
having class a thus showing a is in the image of Br{Xy. □ 

Recall the following purity theorem from etale cohomology. 
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2.3. Theorem (Purity). ([7], VI. 5) Let k be a field and X/k be a smooth variety. 
Let U G X be an open subset whose complement has codimension at least 2. Let 
n be any integer invertible in k and J-" be a locally constant n-torsion sheaf. Then 

W{X,T) H\U,J^) 

is an isomorphism for i = 1, 2. 

As an easy consequence of Leray spectral sequence, one can show that purity 
is a property which is etale local on X. Thus once the above result is true for 
varieties, it is automatically true for DM stacks. 

2.4. Corollary. Let X/k be a smooth separated DM stack and j : U ^ X be an 
open substack such that X\U has codimension at least 2. Then for any integer n 
invertible in k and any locally constant n-torsion sheaf J^, we have 

is an isomorphism for i = 1, 2. 

Proof. By the above theorem R^j^:J^ = for i = 1,2. Thus the result follows 
immediately from the Leray spectral sequence for j'^kJF. □ 

Our main interest in purity is the following consequence for the Brauer group of 
DM stacks. For any an abelian group A, we denote its n-torsion subgroup by 
A[n]. 

2.5. Corollary. Let X/k be a smooth DM stack and j : U ^ X be an open 
subset whose complement has codimension at least two. Then G^)' — > 
H'^{U,Grn)' is an isomorphism. 

Proof. For an integer n, invertible in k, we need to show H'^{X,Gjn)[i^] 
H^{U,Gm)[n] is an isomorphism. We have the following commutative diagram 
with exact rows. 

Pic{X) Pic{X) H'^{X, fir,) H'^iX, G^) [n] 

Ptc{U) Pic{U) H\U, fin) H\U, Gm) [n] 

Since X\U has codimension at least 2, Pic{X) Pic{U) is an isomorphism. 
Moreover, H'^{X,fin) —>■ H'^{U,fin) is also an isomorphism by the purity theorem 
mentioned above. Thus H'^{X,Grn)[fA ~^ H'^{U,Gm)[n] is an isomorphism. □ 

2.6. Theorem. Let X/k be any smooth orbifold. Then U H'^{U,Gm)' is a 
Zariski sheaf on X . 

2.7. Lemma. Let X be a smooth orbifold and h : X ^ X_ be its coarse moduli 
space. Let D be an irreducible divisor on X_ and p the generic point of D. Then 
h*(D) = SpD for a prime Weil divisor D on X . 
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Proof. The question is etale local in nature at p. Thus we may base change to 
the henselisation of the local ring at p and assume that X = Spec (A), X = 
Spec(i?)/r where {A,m) and {B,ri) are discrete valuation rings with quotient 
fields L and K respectively, and F is a finite group acting on B. Moreover, 
A = B'^. Note that since X is an orbifold, action of F on L is faithful. Thus 
F = Gsil{L / K) . The cardinality of the inertia subgroup of F is exactly equal to 
Sp. Moreover since this is the ramification index of B/A, the lemma follows since 
mB = Tj^p. □ 

2.8. Lemma. Let X/k he a smooth orbifold. Let q : X ^ X^he its coarse moduli 
space and q denote the continuous functor from the etale site of X to the Zariski 
site of X_. Then 

H\Xzar,R%<^m)=0 V Z>0 

Proof. Step 1: Let p be a codimension one point of X. We denote the residue field 
at p by k{p) and (by abuse of notation) denote the natural map Spec(A;(p)) X 
by p itself. Note that for every such the Zariski sheaf p*(Z/spZ) is acyclic, i.e. 
H^(X y^^, Splj) = for i > 1. Thus to prove the lemma, it is enough to prove 
the following isomorphism 

R^q.Gm. = ©p*(Z/spZ) (where p E X^^^) 

Step 2: We may assume X is integral without loss of generality and we let 
rj : Spec (K) — > X be the generic point of X. Let Grn,K (resp. Grn,x) be the 
sheaf defined by on the etale sites of Spec (J'T) (resp. X). We claim that 
-R^g=i.(?7*Gm,A') = 0. To show this, it is enough to show that for any open subset 
U of X, H^{U,ri^Gm,K) = 0. But by Leray spectral sequence for r]^Gm,K, we 
have an injection H^{U, rj^.Gm,K) ^ H^{Spec (K), Gm,K), and hence the required 
vanishing is an easy consequence of Hilbert theorem 90. 

Step 3: We have the following short exact sequence of etale sheaves on X 

Gra,x ?7*G„,A' Divx 

where Div y denotes the sheaf on X of Weil divisors. By the above step, this 
short exact sequence gives rise to the following exact sequence of Zariski sheaves 
onX 

K* q*Div v R^q^Gm,x ^ 

where K* denotes the constant sheaf K* on 2Lzar- Since X. is normal, cokernel 
of K* — > q^ Div y is the naturally isomorphic to the cokernel of Div y q^ Div y. 
We leave it to the reader to check using (12. 7p that this cokernel is isomorphic to 

©p,(Z/spZ). □ 

Proof of Theorem \2.(A We first reduce to the case when X_ is also smooth over k. 
Note that since X is normal, X_ is also normal. Thus if Z is the singular locus 
of X, then codimension of Z in X is at least 2. Let Z = q~^{Z). By purity, for 
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any open substack U of X, H^{U, Gm) H'^{U\{Z nU), Gm) is an isomorphism. 
Thus we may replace X by X\Z, X_ by X\Z and assume X_ is smooth. 

To prove the theorem, it is enough to show that for every Zariski open subset 

H\q~\U),G^) ^ H\Uzar,R^q*G^) 
is an isomorphism. Without loss of generality, we replace X by q~^{U). The re- 
quired isomorphism follows easily from Leray spectral sequence, by using Lemma 
and the fact that H\Xzar^ '^m) = for z > 2 (since X is smooth). □ 

3. Proof of the main theorem 

In this section we prove Theorem 11.21 For any codimension one point p of a DM 
stack X, we use the following notation. 



■ dip) X 

Hp) 

fp : Spec(/c(p)) ^ X 
D„ 



residual gerbe at p 

residue field at p 

the natural morphism 

the prime Weil divisor with generic point p 



3.1. Lemma. Let X/k be a smooth quasiprojective orbifold. We have an exact 
sequence 

Br{X) ^ Br{K{X)) ^ ®p^^a)H\g{p),Z) 

The above sequence is functorial in the following sense. If F : Y ^ X is any 
1-morphism of smooth orbifolds of same dimension, such that any the image of 
any codimension one point ofY is again a codimension one point of X, then the 
following diagram commutes 

. Br{X) Br{K{X)) ®p^xwH^igip),Z) 



. Br{Y) Br{n{Y)) ®,^YwH\g{q), Z) 

where the last vertical arrow F* has the following properties : 

(i) If q does not lie overp, then the induced map H'^{Q{p),Z) H"^ {Q (q) , Z) 
is zero. 

(ii) If F*{Dp) = e-Dq (as Weil divisors), then the induced map H'^{Q{p), Z) 
H^{g{q),Z) factors through H\g{q),Z) ^ H^{g{q),Z). 

Proof. The above statements are well known for schemes and the proofs for the 
stack are similar, hence we only indicate the main ingredients of the argument. 
First, because of purity (12.51) and Theorem (12.61) it is enough to prove both 
the above statements assuming X is a DM stack whose coarse moduli space is 
Spec (A) where [A, m) is a DVR. Let r] : Spec (K) X denote the generic point. 
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In this case we let p denote the unique codimension one point of X. We have the 
following short exact sequence of etale sheaves on X. 

G.rn,X '7*Gm,A' ^ 

The existence of the claimed exact sequence now follows after using the following 
identifications 

(1) H\X,ip,Z) =0. 

(2) H\X,ip,Z)=H\g{p),Z). 

(3) H^{X,r],G^^K) = Br{K). 

By Theorem (12.61) . functoriality, and the properties (z), {ii) satisfied by F* can 
also be checked 'Zariski locally' at codimension one points of X and Y, in which 
case one may assume without loss of generality that coarse moduli spaces of 
both X and Y are spectrums of discrete valuation rings. Details are left to the 
reader. □ 

Proof of Theorem li.H Step 1 : The coarse moduli space X is normal and hence 
its singular locus is of codimension at least 2. Thus by Theorem 12. 51 Br{h~^{X ,^)) 
Br{X) is an isomorphism. Therefore without loss of generality, we replace X by 
h~^[X_g^ and X_ by ^"^^ assume that the coarse moduli space X_ is in fact 
smooth. 

Step 2 : Let a G Br[K[X)) such that Sp ■ a is unramified at p V p G X^^\ We 
will show that a G Br{X). By (13.11) we have a commutative diagram 

Br{X) Br{K{X)) m\Spec {k{p)), Z) 



^ Br{X) Br{K{X)) m\g{p), Z) 

To show a G Br{X), it is enough to show that the image of a in ©if ^(Spec {k{p)), Z) 
maps to zero in ®H'^{Q{p)i Z). This follows from (12.71) and the property [ii) men- 
tioned in (13.11) . 

Step 3 : What remains to show is that if a G Br{X) C Br^K^X)) then SpU is 
unramified at p for all p G X*^^-* . This question may be proved Zariski locally at 
each p. By replacing X by the spectrum of the local ring at p, we may assume, 
X = Spec (A) where (A, m) is a discrete valuation ring. By [2] and ([3], 5. 2), X 
must be a quotient of a semilocal dedekind domain i? by a finite group F. Let K 
and L denote the quotient fields of A and B respecitively. Note that since X is 
an orbifold, F = Gal(L/i^). To show Spa is unramified class in Br{K), we may 
base extend to the henselisation of A. Thus we may assume both A and B are 
henselian discrete valuation rings. Further, by replacing i? by a suitable finite 
extension, we may assume that the pull back of the class a to Spec (B) is trivial. 
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Step 4 '■ Both, Br{X) and Br (A) are subgroups of Br{K). Since the pull back 
of a to B, and hence also to L is trivial, a actually lies in H'^{r,L*) C Br{K). 
We claim that a G H^{T, L*) is actually contained in the image of the map 

H^{T,B*) H^{T,L*) 

The class a is represented by a PGL{n) bundle on X (for some n), which gives 
rise to a F-equivariant PGLn bundle on Spec {B). Since the isomorphism classes 
of F-equivariant PGLn bundles, whose underlying PGL{n) bundle is trivial, 
are in bijection with the cohomology set H^{r, PGLn{B)), a defines a class 
in H^{r, PGLn{B)). The claim follows easily from the following commutative 
diagram 

H\T, PGLn{B)) H\T, PGL4L)) 



H^{T,B* 



Note that the existence of the first vertical map is because there are no nontrivial 
line bundles on B and hence the following sequence of F-modules is exact 

1^ B* ^ GLn{B) PGLn{B) 1 

Step 5 : Let L^n (resp. Kun) denote the maximal unramified extensions of L and 
K respectively. Let G = Gal{Lun/ K) and G = Gal{Kun/ K). Let and vk de- 
note the surjective valuations of L„„ and K^n respectively. Since the ramification 
index of L/K is exactly equal to Sp, the following diagram commutes 



z 



which gives rise to 



h\g,k: 



h\g,l: 



H\G, Z) 



H\G,Z) 



where the map ^ is a composite of the inflation map 

H\G,Z) ^H\G,Z) 
followed by the multiplication map 

H\G,Z) ^H^{G,Z) 
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But if H denotes the kernel of G 



G, then the vanishing of H^{H,'Z) imphes 

that H'^{G,Z) ^ H^{G,Z) is injective (see |8],2.6). Thus the kernel of 9 is 
precisely the subgroup of Sp-torsion classes in H'^{G, Z). 

The kernel of H\G,K*J H\G,Z) is exactly Br{A). Thus, ^howing Spa 
is unramified, is equivalent to showing that the image of a in H^{G, Z) is zero. 
Using the exact sequence of F modules 







B* 



L* 



Z ^ 



we see that any class in H^iV^L*) coming from H^(r,B*) maps to zero in 
if^(r,Z). The proof now follows from the following commutative diagram. 



H'^{r,L*) 



inf 



inf 



H\G,Z) 



□ 
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